We study the problem of embedding eigenvalues to the spectrum of a Sturm-Liouville operator in the half axis when this spectrum is a perfect set. We prove the existence of an uncountable dense subset of the spectrum for which, by modifying the condition at the left or by locally perturbing the potential, it is not possible to add any eigenvalues.
Introduction
In this paper we consider Sturm-Liouville operators generated by the differential expression lu = -u" + q(x)u in the half line [0, oo).
It is known that, through local perturbations of the potential or by considering arbitrary conditions at the left, it is possible to add eigenvalues anywhere in the resolvent set (see [4, Theorem 2.5.3] ) or to produce an infinite number of embedded eigenvalues (see [2, Remark 5] ).
Nevertheless, we prove in this paper that there exists a specific subset of the spectrum for which, assuming the spectrum of the unperturbed operator is a perfect set, it is not possible to generate embedded eigenvalues by means of the above perturbations. We also show that this "forbidden" set, which depends only on the behaviour of the potential at infinity, is a dense and uncountable set. Moreover, every point of the spectrum is a condensation point of this set. This paper is organized as follows. In §2 we define the unperturbed operator L and the perturbed operator L. We prove that eigenvalues can appear only in points where the symmetric derivative of the spectral function of the unperturbed operator is zero. This is proved by using a theorem of Aronszajn [1] . In §3, using tools of elementary real analysis, we show that the set of points where a given series diverges is "big" in some sense. This result is crucial for proving our main theorem in the presence of only pure point spectrum. Section 4 is devoted to the proof of the main result where a theorem of Kundu [5] is applied.
PRELIMINARIES
Consider the selfadjoint operator L generated by the differential expression
where 67 is a real-valued, locally integrable function, as Lu = lu with domain D(L) = {¡íé L2(0, oo)\u, u' are locally absolutely continuous, lu e L2(0, 00), and u(0) cos a + u'(0) sin a = 0}, a G [0, it).
The limit point case occurs at 00, and 0 is a regular point. We shall denote the spectral function of L by p. Sometimes to emphasize the dependence on a we shall write La and pa . The perturbed operator L will be any selfadjoint realization of the differential expression
where -00 < a and v(x) is a locally integrable function with compact support.
If the limit circle case (l.c.c.) occurs at a, then a boundary condition will be needed.
The operator L is defined as Lu = lu with domain Here v is a nontrivial solution of (/ -k)u = 0 (leE) and
See, for example, Theorem 5.8 of [6] .
The following observation will be useful in the sequel. Let us define Dp(X) = limp^ + e):p{X-e).
£-0 2e Lemma 1. /^ dp(k)/(k0 -A)2 < 00 => Dp(k0) = 0.
Proof. Assume that /^ dp(k)/(k0 -A)2 < 00, and, for all e > 0, define the interval /e = [An -e, An + ■?] • We shall denote the length of Ie by |/e|. Then we have r àp{k) r dp(p 1 r _ 1 p(iE)
J-00 (Ao -A)2 -JIc (Ao -A)2 -|/£|2 y/£ Wj |/,| I/.I and, therefore, J-1 dp(k) > p(À0 + e)-p'ko -e) (A0 -A)2 -2£ Since dp(k) Proof. Assume that A0 is an eigenvalue of L and Dp(Xo) > 0. Then from Lemma 1 it follows that /^ dp(X)/(Xo -X)2 is not finite. Using Let N denote the set of positive integers, R+ the positive real numbers, and 7 the closure of /. The difference of two sets A , B will be denoted by A-B. Recall that a set is said to be dense in itself if it is contained in the set of its limit points and that a point p in a metric space X is said to be a condensation point of a set A c X if every neighborhood of p contains uncountable many points of A. 
Now define sx = a¿(X).
Let us assume that we have defined an interval I¡k_x and a point s^x Ĝ _, nS. Choose two points a¡ such that a¡ g /¿t_1 n5 and a¡ ^ Sk-X, and fix two open intervals Ia¡ satisfying a, G Ia,, Ia¡ C Isk_t , flLo^»/ = 0 • Define 7<5* := ^(tj n ^f and sk = aô(k). We can now define I¿k for each k G N. This definition can be done in many ways, but once we have chosen the points a, and the intervals Ia¡, the definition is unique. In order to define Is> for any other function ô', we choose exactly Df(x) = liminff{x + h):uñx-h).
v ' a->o 2h
The function / is said to be decreasing if x < y =>• f(x) > f(y). Analogously, / is increasing if x < y =>• f(x) < f(y). We shall use this result to prove the following theorem. The spectrum of L will be denoted by o(L).
Theorem. If for an interval J the set C = J n a(L) is a perfect set, then there exists an uncountable set B c C such that every point of C is a condensation point of B and, moreover, L cannot have eigenvalues in B.
